Delaunay triangulation can be considered as a type of complex networks. For com-
Introduction
Quite recently, an exciting application of the Artificial Intelligence (AI) [1] is that: scientists have used Deep Learning algorithms [2] to recreate the complex neural codes that the place cells and grid cells in the brain use to navigate through space [3] . The grid cells discovered by May-Britt Moser and Edvard Moser [4] are capable of providing a strikingly periodic representation of self-location and navigation in the space [5] , which spatially distributes as the hexagonal lattices. An interesting phenomenon is that: if considering each grid cell as a distinct point and then creating a triangulation for those scattered points, then a nice triangulation can be generated since each point has six neighboring points and triangles. In a triangulation (more precisely, a triangular mesh in this case), the quality of each triangle could be very high when each point has six neighboring points and triangles since the triangles could be close to the Regular Triangles. In other words, when each point in a triangulation has the degree of six, a very high-quality triangulation can be generated.
When using a triangulation to represent the spatial connection of the grid cells, a network (or so-called complex network) could be achieved. In the network of grid cells, the degree of each vertex is in general six. That is, the grid cell network represented with a triangulation is a 6-regular network with uniform degree distribution. However, for other complex networks such as the biological networks or the social networks, most of them are not regular networks but the so-called SmallWorld networks [6] or the Scale-Free networks [7] . The degree distributions of the Small-World networks and the Scale-Free networks are not uniform, but generally follow the Poisson distribution and the Power-Law distribution, respectively.
Inspired by representing the grid cells with triangulations, we consider a specific category of the triangulations, i.e., the Delaunay Triangulation (DT) [8] , as a type of complex networks. We term this network as the DT network. More specifically, we consider the two-dimensional DT (i.e., the triangular mesh) and the threedimensional DT (i.e., the tetrahedral mesh) as a specific type of complex networks; and we ignore those higher-dimensional DTs. Furthermore, we are quite interested in statistically investigating the degree distribution of the DT networks. To the best of the authors' knowledge, there is no previous work specifically focusing on this problem.
Our work in this paper can be summarized as follows. First, we consider the two-and three-dimensional DTs as a specific type of complex networks that is termed as the DT network. Second, we statistically investigate the degree distribution of the DT network, and find that the degree distribution follows a Gaussian function, while in contrast the degree distributions of two well-known networks, i.e., the Small-World networks [6] and the Scale-Free networks [7] follow a Poisson function and a Power-Law function, respectively.
Method

Considering Delaunay Triangulations as A Type of Complex Networks
In mathematics, for a set P of points in the d-dimensional Euclidean space, a Delaunay Triangulation [8] is a triangulation DT(P) such that no point in P is inside the circum-hypersphere of any d-simplex in DT(P). It is known [8] that there exists a unique Delaunay triangulation for P if P is a set of points in general position.
For a set of two-dimensional points P, the DT(P) is a triangulation such that no point in P is inside the circumcircle of any triangle in DT(P). For a set of threedimensional points P, the DT(P) is a triangulation such that no point in P is inside the circumscribing sphere of any tetrahedron in DT(P).
In the context of network theory, a complex network is a graph (network) with non-trivial topological features. In this paper, we consider the two-and threedimensional DTs [8] , i.e., the Delaunay triangular meshes and the Delaunay tetrahedral meshes, as a specific type of complex networks. More precisely, we consider that: each vertex in a DT represents a cell, a person, or even a device in a complex network, while each edge in a DT represents the link or connection between vertices; see 
Investigating the Degree Distribution of DT Networks
In this paper, we are interested in statistically investigating the degree distribution of two-and three-dimensional DT networks. The DT networks are in fact the Delaunay triangular meshes in two-dimensions and the Delaunay tetrahedral meshes in three-dimensions. To statistically examine the degree distribution of DT networks, we first create five groups of triangular meshes and tetrahedral meshes based on sets of scattered points. Each set of scattered points are randomly generated, and then are used to create the triangular or tetrahedral meshes using the two famous Delaunay mesh generators, Triangle [9] or TetGen [10] .
For each DT network, we first obtain the vertex degree (i.e., the number of neighboring vertices) for each vertex, and then count the degrees of all vertices to obtain the discrete frequency of vertex degree. The frequency of vertex degree is represented in percentage. Finally, the frequency of vertex degree is fitted to a Gaussian function (Eq.(1)):
where, the parameters a, b, c, and y 0 are arbitrary real numbers.. The graph of a Gaussian is a characteristic "bell curve" shape. The parameter a is the height of the curve's peak; b (the mean) is the position of the center of the peak; c (the standard deviation) controls the width of the "bell"; and y 0 is the offset.
After fitted the frequency of vertex degrees to the Gaussian model, we use the R-Square (R 2 ) and Adjusted R-Square (Adj. R 2 ) to evaluate the Goodness of Fit.
Results and Discussion
Degree Distribution of Two-dimensional DT Networks
We first determine five different sizes of sets of scattered points (i.e., 100, 1000, 10000, 100000, and 1000000). to measure the Goodness of fit. Details of the fitted Gaussian Models are listed in Table 1 . For each size, we also plot one of the fitted Gaussian Models (see Figure   2 ).
The results presented in Table 1 and Figure 2 indicate that:
(1) the degree distribution of two-dimensional DT network well follows the Gaussian Distribution in most cases;
(2) with the increase of the number of vertices in DT networks, the fitting of the frequency of vertex degree to a Gaussian model becomes better.
Degree Distribution of Three-dimensional DT Networks
As the same as the investigation of the degree distribution of two-dimensional DT networks, for the three-dimensional ones, we also determine five different sizes (1)). Details of the fitted Gaussian Models are listed in Table 2 . For each size, we also plot one of the fitted Gaussian Models (see Figure 3) .
The results presented in Table 2 and Figure 3 indicate that:
(1) the degree distribution of three-dimensional DT networks also well follows the Gaussian Distribution except for the very small size of DTs (see Figure 3 (a));
(2) with the increase of the number of vertices in DT networks, the frequency of vertex degree becomes more and more fitted to a Gaussian function. This is the same as that for the two-dimensional DT networks.
Conclusion
In this paper, we first considered the two-and three-dimensional DTs as a type of complex networks, i.e., the DT network; and then we investigated the degree distribution of the DT networks. It has been found that the degree distribution of the DT networks well follows the Gaussian distribution in most cases. This is different from the Power-Law degree distributions in the Scale-Free networks and the Poisson degree distribution in the Small-World networks.
In real-world applications, perhaps there are few complex systems can be exactly represented by the DT network. However, it is possible that in some cases scientists may try to use the DT network to approximately represent the quite complex biological network in the brain, and reveal the structural correlations of the biological networks [11, 12, 13] . 
